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On the classification of simple amenable C*-algebras with finite
decomposition rank, II
George A. Elliott, Guihua Gong, Huaxin Lin, and Zhuang Niu
Abstract
We prove that every unital simple separable C*-algebra A with finite decomposition rank
which satisfies the UCT has the property that A ⊗ Q has generalized tracial rank at most
one, where Q is the universal UHF-algebra. Consequently, A is classifiable in the sense of
Elliott.
1 Introduction
In a recent development in the Elliott program, the program of classification of amenable C*-
algebras, a certain class of finite unital simple separable amenable C*-algebras, denoted by N1,
was shown to be classified by the Elliott invariant ([14]). One important feature of this class
of C*-algebras is that it exhausts all possible values of the Elliott invariant for unital simple
separable C*-algebras which have finite decomposition rank (a property introduced in [19]; see
Definition 2.10 below).
The purpose of this note is to show that, in fact, every unital simple separable (non-
elementary) C*-algebra which has finite decomposition rank and satisfies the Universal Co-
efficient Theorem (UCT) is in the class N1. Since every C*-algebra in N1 was shown in [14]
to be isomorphic to the inductive limit of a sequence of subhomogeneous C*-algebras with no
dimension growth, the C*-algebras in N1 have finite decomposition rank. In other words, the
class N1 is precisely the class of all unital simple separable (non-elementary) C*-algebras which
have finite decomposition rank and satisfy the UCT, and hence we obtain a classification for all
of these C*-algebras:
Theorem 1.1. Let A be a unital simple separable (non-elementary) C*-algebra with finite de-
composition rank, and assume that A satisfies the UCT. Then A ∈ N1. (See Definition 2.6,
below.) Hence, if A and B are two (non-elementary) unital simple separable C*-algebras with
finite decomposition rank which satisfy the UCT, then A ∼= B if, and only if,
(K0(A),K0(A)+, [1A]0,K1(A),T(A), rA) ∼= (K0(B),K0(B)+, [1B ]0,K1(B),T(B), rB).
In fact, we shall obtain (see Theorem 4.4, below) the formally stronger result that every
finite unital simple separable (non-elementary) C*-algebra with finite nuclear dimension, which
satisfies the UCT, and whose tracial states are all quasidiagonal, is in the class N1. This result,
combined with the recent result of [29] (that the quasidiagonality hypothesis is redundant),
yields that the class N1 includes all finite unital simple separable C*-algebras with finite nuclear
dimension which satisfy the UCT—see 4.9 below. (The case of infinite unital simple separable
C*-algebras with finite nuclear dimension was dealt with fifteen years ago by Kirchberg and
Phillips—see 4.10 below.)
In a recent paper, [11], Elliott and Niu proved that every unital simple separable (non-
elementary) C*-algebra A with finite decomposition rank, satisfying the UCT, and such that
1
K0(A) has torsion free rank one, belongs to N1. The present paper is a continuation of [11] with,
now, a definitive result.
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2 Preliminaries
Definition 2.1. As usual, let Q denote the field of rational numbers. Let us use the notation
Q for the UHF-algebra with K0(Q) = Q and [1Q] = 1.
Definition 2.2 (N. Brown [4]). Let A be a unital C*-algebra. Denote by T(A) the tracial state
space of A, and denote by Tqd(A) the tracial states τ with the following property: For any finite
subset F and ǫ > 0, there exists a unital completely positive map ϕ : A→ Q such that
|τ(a)− tr(ϕ(a))| < ǫ, a ∈ F ,
and
‖ϕ(a)ϕ(b) − ϕ(ab)‖ < ǫ, a, b ∈ F ,
where tr is the unique tracial state of Q.
Definition 2.3. Let F1 and F2 be two finite dimensional C*-algebras and let ψ0, ψ1 : F1 → F2
be two unital homomorphisms. Consider the corresponding mapping torus,
C = C(F1, F2, ψ0, ψ1) = {(f, a) ∈ C([0, 1], F2)⊕ F1 : f(0) = ψ0(a) and f(1) = ψ1(a)}.
Denote by C the class of unital C*-algebras obtained in this way. C*-algebras in the class C
are often called Elliott-Thomsen building blocks. They are also called one-dimensional non-
commutative CW complexes.
Denote by C0 the subclass of C consisting of those C*-algebras C ∈ C such that K1(C) = {0}.
We shall in fact only work with the Q-stabilizations of these algebras, which can be described
just by replacing F1 and F2 with finite direct sums of copies of Q.
Definition 2.4 (9.1 of [14]). Let A be a unital simple C*-algebra. We shall say that A has
generalized tracial rank at most one, if the following property holds:
Let ǫ > 0, let a ∈ A+\{0} and let F ⊂ A be a finite subset. There exist a non-zero projection
p ∈ A and a sub-C*-algebra C ∈ C with 1C = p such that
‖xp− px‖ < ǫ, x ∈ F ,
dist(pxp,C) < ǫ, x ∈ F , and
1− p . a.
The last condition means that there exists a partial isometry v ∈ A such that v∗v = 1 − p and
vv∗ ∈ aAa. If A has generalized tracial rank at most one, we will write gTR(A) ≤ 1. It was
shown in [14] that if gTR(A) ≤ 1, then A is quasidiagonal, and is Z-stable if it is also amenable.
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Definition 2.5. Let A and B be unital C*-algebras and let L : A → B be a contractive
completely positive map. Let G be a finite subset of A and δ > 0. Recall that L is said to
be G-δ-multiplicative if ‖L(x)L(y) − L(xy)‖ < δ for all x, y ∈ G. Given a finite subset P of
projections in A, if G is sufficiently large and δ is sufficiently small, then there is a projection
q ∈ B such that ‖L(p) − q‖ < 1/4. Moreover, for each projection p ∈ G, if δ < 1/4, then the
projection q can be chosen such that
‖L(p)− q‖ < 2δ. (2.1)
Note that if q′ ∈ B is another projection such that ‖L(p)− q′‖ < 1/4, then p and q are unitarily
equivalent. Recall that [L(p)] often denotes this equivalence class of projections (see e.g. [20]).
As usual, when [L(p)] is written, it is understood that G is sufficiently large and δ is sufficiently
small that [L(p)] is well defined.
Definition 2.6 ([14]). Let A be a unital simple separable C*-algebra. Let us say that A has
rational generalized tracial rank at most one if gTR(A⊗Q) ≤ 1.
Let us say that, in addition, A belongs to the class N1 if it satisfies the UCT ([28]), and is
Jiang-Su stable, i.e., invariant under tensoring with the Jiang-Su C*-algebra ([17]; see also [9]).
As pointed out above, it follows from [14] (together with [31]) that, instead of the last property,
it is equivalent to assume finite decomposition rank (or even just finite nuclear dimension); see
Definition 2.10 below. (This fact is of interest in itself, and is also pertinent in the present
context, as it enables the statement of Theorem 1.1—and indeed our proof of it consisting of
a reduction to [14]—to be read without reference to the somewhat technical definition of the
Jiang-Su algebra.) (Of course, it is an interesting question whether the assumption of finite
decomposition rank in Theorem 1.1 might, a` la Toms-Winter (see [15]), be replaced by Jiang-Su
stability, together with Murray-von Neumann finiteness.)
The following are the main results of [14]:
Theorem 2.7. Let A and B be two unital C*-algebras in N1. Then A ∼= B if and only if
Ell(A) ∼= Ell(B), i.e., A ∼= B if and only if
(K0(A),K0(A)+, [1A]0,K1(A),T(A), rA) ∼= (K0(B),K0(B)+, [1B ]0,K1(B),T(B), rB).
Moreover, any isomorphism between Ell(A) and Ell(B) can be lifted to an isomorphism between
A and B.
Theorem 2.8. For any non-zero countable weakly unperforated simple ordered group G0 with
order unit u, any countable abelian group G1, any non-empty metrizable Choquet simplex T ,
and any surjective affine map r : T → Su(G0) (Su(G0) is the state space of G0—always non-
empty), there exists a (unique) unital simple C*-algebra C in N1, which is the inductive limit
of a sequence of subhomogeneous C*-algebras with two-dimensional spectrum, such that
Ell(C) = (G0, (G0)+, u,G1, T, r).
Definition 2.9. Let A and B be C*-algebras. Recall ([19]) that a completely positive map
ϕ : A→ B is said to have order zero if
ab = 0 ⇒ ϕ(a)ϕ(b) = 0, a, b ∈ A.
Definition 2.10 ([19], [33]). A C*-algebra A has nuclear dimension at most n, if there exists
a net (Fλ, ψλ, ϕλ), λ ∈ Λ, such that the Fλ are finite dimensional C*-algebras, and such that
ψλ : A→ Fλ and ϕλ : Fλ → A are completely positive maps satisfying
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(1) ϕλ ◦ ψλ → idA pointwise (in norm),
(2) ‖ψλ‖ ≤ 1, and
(3) for each λ, there is a decomposition Fλ = F
(0)
λ ⊕· · ·⊕F
(n)
λ such that each restriction ϕλ|F (j)
λ
is a contractive order zero map.
Moreover, if the the map ϕλ can be chosen to be contractive itself, then A is said to have
decomposition rank at most n.
(Recall that finite nuclear dimension immediately implies nuclearity, which by [6] and [16] is
equivalent to amenability.)
The main theorem of this paper is that the class N1 of C*-algebras actually contains (and
hence coincides with) the class of all (non-elementary) unital simple separable C*-algebras with
finite decomposition rank which also satisfy the UCT. In particular it follows (on using both
2.7 and 2.8) that every such C*-algebra is the inductive limit of a sequence of subhomogeneous
C*-algebras (with no dimension growth).
3 Some existence theorems
Lemma 3.1. Let A be a unital simple separable amenable quasidiagonal C*-algebra satisfying
the UCT. Assume that A ∼= A⊗Q.
Let a finite subset G of A and ǫ1, ǫ2 > 0 be given. Let p1, p2, ..., ps ∈ A be projections such
that [1], [p1], [p2], ..., [ps] ∈ K0(A) are Q-linearly independent. (Recall that K0(A) ∼= K0(A⊗Q) ∼=
K0(A) ⊗ Q.) There are a G-ǫ1-multiplicative completely positive map σ : A → Q with σ(1) a
projection satisfying
tr(σ(1)) < ǫ2
(where tr denotes the unique trace state on Q), and δ > 0, such that, for any r1, r2, ..., rs ∈ Q
with
|ri| < δ, i = 1, 2, ..., s,
there is a G-ǫ1-multiplicative completely positive map µ : A→ Q, with µ(1) = σ(1), such that
[σ(pi)]− [µ(pi)] = ri, i = 1, 2, ..., s.
Proof. Let us agree that σ and µ (to be constructed below) are also understood to be required
to be sufficiently multiplicative on p1, p2, ..., pk that the classes [σ(pi)] and [µ(pi)] make sense
(see 2.5 above). (Similarly for other completely positive approximately multiplicative maps, to
be introduced below.)
Denote by G0 the subgroup of K0(A) generated by {[1A], [p1], ..., [ps]}. Since [1A], [p1], ..., [ps]
are Q-linearly independent, for each i = 1, 2, ..., s, there exists a homomorphism αi : K0(A) →
Q ∼= K0(Q) such that
αi([pi]) = 1, αi([1A]) = 0, and αi([pj ]) = 0, j 6= i. (3.1)
We may regard αi as an element of KL(A,Q) (see [8]). Since A is a unital simple amenable
quasidiagonal C*-algebra, by [2], A is a unital simple strong NF-algebra. It follows from [2]
that A =
⋃∞
n=1An, where {An} is an increasing sequence of unital, amenable, residually finite-
dimensional C*-algebras. It follows from Theorem 5.9 of [20] that there are G-ǫ1-multiplicative
completely positive maps σi, µi : A→ Q⊗K such that σi(1A) and µi(1A) are projections, and
[σi]|G0 − [µi]|G0 = αi|G0 , i = 1, 2, ..., s. (3.2)
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Since αi([1A]) = 0, we have [σi(1A)] = [µi(1A)]. Therefore, without loss of generality, we may
assume that
σi(1A) = µi(1A) =: Pi, i = 1, 2, ..., s.
Consider the projection
P :=
s⊕
i=1
(Pi ⊕ Pi),
and the unital G-ǫ1-multiplicative completely positive map
s⊕
i=1
(σi ⊕ µi) : A→ P (Q⊗K)P.
Note that P (Q⊗ K)P ∼= Q. Choose a projection R ∈ Q⊗K with 0 < tr(R)≤min{1, ǫ2} and a
rescaling
S : Q⊗K → Q⊗K, P 7→ R.
Consider the map
σ := S ◦ (
s⊕
i=1
(σi ⊕ µi)) : A→ Q⊗K
and the strictly positive number
δ :=
tr(R)
tr(P )
.
(Here, tr denotes the tensor product of the traces on Q and K, normalized in the usual way.)
Note that since tr(R)≤1, one has
tr(σ(1)) = tr(R)≤1,
and so we may regard σ as a map from A to Q (rather than Q⊗K).
Let us show that σ and δ satisfy the condition of the lemma.
Let r1, r2, ..., rs ∈ Q be given with
|ri| < δ, i = 1, 2, ..., s.
For each i = 1, 2, ..., s, choose a projection Ri ∈ Q ⊗ K with tr(Ri) = |ri|, and choose a
rescaling
Si : Q⊗K → Q⊗K, 1⊗ e 7→ Ri,
where e is a minimal non-zero projection of K. For each i = 1, 2, ..., s, consider the pair of maps
Si ◦ σi, Si ◦ µi : A→ Q⊗K.
Then, for each i = 1, 2, ..., s,
[Si ◦ σi(pi)]− [Si ◦ µi(pi)] = |ri|,
[Si ◦ σi(1)]− [Si ◦ µi(1)] = 0,
[Si ◦ σi(pj)]− [Si ◦ µi(pj)] = 0, j = 1, 2, ..., s, j 6= i.
Consider the direct sum maps
σ˜ := (
⊕
ri>0
Si ◦ σi)⊕ (
⊕
ri<0
Si ◦ µi)
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and
µ˜ := (
⊕
ri>0
Si ◦ µi)⊕ (
⊕
ri<0
Si ◦ σi).
It follows from (3.1) and (3.2) that
[σ˜(pi)]− [µ˜(pi)] = ri, i = 1, 2, ..., s.
Note that
σ = S ◦ (
s⊕
i=1
(σi ⊕ µi)) =
s⊕
i=1
((S ◦ σi)⊕ (S ◦ µi)). (3.3)
For each i = 1, 2, ..., s, since
tr(Si(P )) = tr(P ) · tr(Si(1⊗ e)) = tr(P ) · tr(Ri) = tr(P )|ri| < tr(P )δ = tr(R) = tr(S(P )),
there is a rescaling Ti : Q⊗K → Q⊗K such that
S = Si ⊕ Ti.
Therefore, by (3.3),
σ =
s⊕
i=1
(((Si ⊕ Ti) ◦ σi)⊕ ((Si ⊕ Ti) ◦ µi))
=
s⊕
i=1
((Si ◦ σi)⊕ (Ti ◦ σi))⊕
s⊕
i=1
((Si ◦ µi)⊕ (Ti ◦ µi))
= (
⊕
ri>0
((Si ◦ σi)⊕ (Ti ◦ σi)))⊕ (
⊕
ri≤0
((Si ◦ σi)⊕ (Ti ◦ σi)))
⊕(
⊕
ri<0
((Si ◦ µi)⊕ (Ti ◦ µi))) ⊕ (
⊕
ri≥0
((Si ◦ µi)⊕ (Ti ◦ µi)))
= σ˜ ⊕ γ,
where
γ = (
⊕
ri>0
(Ti ◦ σi))⊕ (
⊕
ri≤0
((Si ◦ σi)⊕ (Ti ◦ σi)))⊕ (
⊕
ri<0
(Ti ◦ µi))⊕ (
⊕
ri≥0
((Si ◦ µi)⊕ (Ti ◦ µi))).
Consider the completely positive map
µ := µ˜⊕ γ.
We have
[σ(pi)]− [µ(pi)] = [σ˜(pi)]− [µ˜(pi)] = ri, i = 1, 2, ..., s,
as desired (with µ being regarded as a map from A to Q, as µ(1) = σ(1)).
Remark 3.2. The assumption that A is amenable in 3.1 can be removed. In the proof one can
apply Theorem 5.5 of [7] in place of Theorem 5.9 of [20].
Let l, r = 1, 2, ... be given. In the rest of the paper, we identify K0(Q
l) with Ql (and
K0(Q
r) with Qr) by identifying [1Ql ] with (1, 1, ..., 1︸ ︷︷ ︸
l
) and ([1Qr ] with (1, 1, ..., 1︸ ︷︷ ︸
r
)), where Ql =
Q⊕ · · · ⊕Q︸ ︷︷ ︸
l
and Qr = Q⊕ · · · ⊕Q︸ ︷︷ ︸
r
. If ψ : Ql → Qr are unital, then
(ψ)∗0(1, 1, ..., 1︸ ︷︷ ︸
l
) = (1, 1, ..., 1︸ ︷︷ ︸
r
),
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and therefore
(ψ)∗0(t, t, ..., t︸ ︷︷ ︸
l
) = (t, t, ..., t︸ ︷︷ ︸
r
), t ∈ Q. (3.4)
Lemma 3.3. Let A be a unital simple separable amenable quasidiagonal C*-algebra satisfying
the UCT. Assume that A ∼= A⊗Q.
Let G be a finite subset of A, let ǫ1, ǫ2 > 0, and let p1, p2, ..., pk ∈ A be projections such
that [1A], [p1], [p2], ..., [ps] ∈ K0(A) are Q-linearly independent. There exists δ > 0 satisfying the
following condition.
Let ψk : Q
l → Qr, k = 0, 1, be unital homomorphisms, where l, r = 1, 2, ... . Set
D = {x ∈ Ql : (ψ0)∗0(x) = (ψ1)∗0(x)} ⊂ Q
l.
There exists a G-ǫ1-multiplicative completely positive map Σ : A → Q
l, such that Σ(1A) is a
projection, with the following properties:
τ(Σ(1A)) < ǫ2, τ ∈ T(Q
l),
[Σ(1A)], [Σ(pj)] ∈ D, j = 1, 2, ..., s,
and, for any r1, r2, ..., rs ∈ Q
r satisfying
|ri,j | < δ,
where ri = (ri,1, ri,2, ..., ri,r), i = 1, 2, ..., s, there is a G-ǫ1-multiplicative completely positive map
µ : A→ Qr, with µ(1A) a projection, such that
[ψ0 ◦Σ(pi)]− [µ(pi)] = ri, i = 1, 2, ..., s,
and
[µ(1A)] = [ψ0 ◦ Σ(1A)].
Proof. Put p0 = 1A and P = {[1A], [p1], ..., [ps]}. Applying Lemma 3.1, we obtain a G-ǫ1-
multiplicative σ : A → Q and δ > 0 satisfying the conclusion of Lemma 3.1 with respect to
G, ǫ1, ǫ2, and P.
Let us show that δ is as desired.
For a given integer l = 1, 2, ..., consider the map Σ : A→ Ql, the sum of l copies of σ,
Σ = σ ⊕ σ ⊕ · · · ⊕ σ.
Let us show that Σ has the required properties. Let r = 1, 2, ... and ψk : Q
l → Qr, k = 0, 1, be
given (as in the statement of the condition on δ to be verified). Since ψ0 and ψ1 are assumed to
be unital, [1Qr ] = (1, 1, ..., 1) ∈ D. It then follows that
[Σ(pi)] = ([σ(pi)], [σ(pi)], ..., [σ(pi)]) = [σ(pi)](1, 1, ..., 1) ∈ D, i = 0, 1, 2, ..., s,
where [σ(pi)] is regarded as a rational number. In other words,
[ψ0 ◦ Σ(pi)] = [ψ1 ◦Σ(pi)], i = 0, 1, 2, ..., s.
Since tr([σ(1A)]) < ǫ2, one has
τ([Σ(1A)]) < ǫ2, τ ∈ T(Q
l).
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Let r1, r2, ..., rs ∈ Q
r be given such that |ri,j | < δ, j = 1, 2, ..., r and i = 1, 2, ..., s. Let us
show that µ exists as required.
Fix j = 1, 2, ..., r and let µj : A→ Q (in place of µ) denote the G-ǫ1-multiplicative completely
positive map given by Lemma 3.1 for the s-tuple r1,j, r2,j , ..., rs,j . That is, µj(1A) = σ(1A),
[σ(pi)]− [µj(pi)] = ri,j ∈ K0(Q), i = 1, 2, ..., s, (3.5)
and
tr(µj(1A))= tr(σ(1A)) < ǫ2.
Define µ : A→ Qr by
µ(a) = (µ1(a), µ2(a), ..., µr(a)︸ ︷︷ ︸
r
), a ∈ A.
Then, for each i = 1, 2, ..., s,
[ψ0 ◦ Σ(pi)]− [µ(pi)] = (ψ0)∗0([σ(pi)], [σ(pi)], ..., [σ(pi)]︸ ︷︷ ︸
l
)− ([µ1(pi)], [µ2(pi)], ..., [µr(pi)]︸ ︷︷ ︸
r
)
= ([σ(pi)], [σ(pi)], ..., [σ(pi)]︸ ︷︷ ︸
r
)− ([µ1(pi)], [µ2(pi)], ..., [µr(pi)]︸ ︷︷ ︸
r
) (by (3.4))
= (([σ(pi)]− [µ1(pi)]), ([σ(pi)]− [µ2(pi)]), ..., ([σ(pi)]− [µr(pi)]))
= (ri,1, ri,2, ..., ri,r) = ri, (by (3.5))
as desired. A similar computation shows that [ψ0 ◦Σ(1A)] = [µ(1A)].
Lemma 3.4. Let A be a unital simple separable amenable quasidiagonal C*-algebra satisfying
the UCT. Assume that A ∼= A⊗Q.
Let G ⊂ A be a finite subset, let ǫ1, ǫ2 > 0 and let p1, p2, ..., ps ∈ A be projections such that
[1A], [p1], [p2], ..., [ps] ∈ K0(A) are Q-linearly independent. Then there exists δ > 0 satisfying the
following condition.
Let ψk : Q
l → Qr, k = 0, 1, be unital homomorphisms, where l, r = 1, 2, .... Set
D = {x ∈ Ql : (ψ0)∗0(x) = (ψ1)∗0(x)} ⊂ Q
l.
There exists a G-ǫ1-multiplicative completely positive map Σ : A → Q
l, such that Σ(1A) is a
projection, with the following properties:
τ(Σ(1A)) < ǫ2, τ ∈ T(Q
l),
[Σ(1A)], [Σ(pi)] ∈ D, i = 1, 2, ..., s,
and, for any r1, r2, ..., rs ∈ Q
l satisfying
|ri,j | < δ,
where ri = (ri,1, ri,2, ..., ri,l), i = 1, 2, ..., s, there is a G-ǫ1-multiplicative completely positive map
µ : A→ Ql, with µ(1A) = Σ(1A), such that
[Σ(pi)]− [µ(pi)] = ri, i = 1, 2, ..., s.
8
Proof. This is similar to the proof of Lemma 3.3. Put [p0] = [1A] and P = {[p0], [p1], ..., [ps]}.
Applying Lemma 3.1, we obtain a G-ǫ1-multiplicative σ : A → Q and δ > 0 satisfying the
conclusion of Lemma 3.1 with respect to (G, ǫ1, ǫ2).
Let us show that δ is as desired.
Consider the map Σ : A→ Ql, the sum of l copies of σ,
Σ = σ ⊕ σ ⊕ · · · ⊕ σ,
for a given l = 1, 2, ... . Then the same argument as that of Lemma 3.1 shows that
[Σ(pi)] ∈ D, i = 0, 1, 2, ..., s.
It is also clear that
τ(Σ(1A)) < ǫ2, τ ∈ T(Q
l).
Let r1, r2, ..., rk ∈ Q
l be given such that |ri,j | < δ, j = 1, 2, ..., l and i = 1, 2, ..., s. Let us show
that µ exists as required.
Fix j = 1, 2, ..., r and let µj : A→ Q (in place of µ) denote the G-ǫ1-multiplicative completely
positive map given by Lemma 3.1 for the s-tuple r1,j, r2,j , ..., rs,j . That is, µj(1A) = σ(1A), and
[σ(pi)]− [µj(pi)] = ri,j ∈ K0(Q), i = 1, 2, ..., s. (3.6)
Of course, also,
tr(µj(1A))= tr(σ(1A)) < ǫ2.
Define µ : A→ Ql by
µ(a) = (µ1(a), µ2(a), ..., µr(a)︸ ︷︷ ︸
l
), a ∈ A.
Then, for each i = 1, 2, ..., s,
[Σ(pi)]− [µ(pi)] = ([σ(pi)], [σ(pi)], ..., [σ(pi)]︸ ︷︷ ︸
l
)− ([µ1(pi)], [µ2(pi)], ..., [µr(pi)]︸ ︷︷ ︸
l
)
= (([σ(pi)]− [µ1(pi)]), ([σ(pi)]− [µ2(pi)]), ..., ([σ(pi)]− [µr(pi)]))
= (ri,1, ri,2, ..., ri,l) = ri (by (3.6)),
as desired. Moreover, since µj(1A) = σ(1A), we have Σ(1A) = µ(1A).
4 The main result
Let us begin by recalling the (stable) uniqueness result used in [11]:
Lemma 4.1 (Corollary 2.6 of [11]; see also Lemma 4.14 of [14], and Definition 5.6 and Theorem
5.9 of [21]). Let A be a simple, unital, amenable, separable C*-algebra which satisfies the UCT.
Assume that A ∼= A⊗Q.
For any ǫ > 0, any finite subset F of A, there exist δ > 0, a finite subset G ⊂ A, a finite
subset P of projections in A, and an integer n ∈ N with the following property.
For any three completely positive contractions ϕ,ψ, ξ : A → Q which are G-δ-multiplicative,
with ϕ(1) = ψ(1) = 1Q − ξ(1) a projection, [ϕ(p)]0 = [ψ(p)]0 in K0(Q) for all p ∈ P, and
tr(ϕ(1)) = tr(ψ(1)) < 1/n, where tr is the unique tracial state of Q, there exists a unitary u ∈ Q
such that
‖u∗(ϕ(a) ⊕ ξ(a))u− ψ(a)⊕ ξ(a)‖ < ǫ, a ∈ F .
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The following two existence results are related to Lemma 16.9 of [14] (and its proof).
Lemma 4.2. Let A be a unital simple separable amenable C*-algebra which satisfies the UCT.
Assume that A⊗Q ∼= A.
For any ǫ > 0 and any finite subset F of A, there exist δ > 0, a finite subset G of A, and a
finite subset P of projections in A with the following property.
Let ψ,ϕ : A→ Q be two unital G-δ-multiplicative completely positive maps such that
[ψ]|P = [ϕ]|P .
Then there is a unitary u ∈ Q and a unital F-ǫ-multiplicative completely positive map L : A→
C([0, 1], Q) such that
π0 ◦ L = ψ and π1 ◦ L = Adu ◦ ϕ. (4.1)
Moreover, if
|tr ◦ ψ(h) − tr ◦ ϕ(h)| < ǫ′/2, h ∈ H, (4.2)
for a finite set H ⊂ A and ǫ′ > 0, then L may be chosen such that
|tr ◦ πt ◦ L(h) − tr ◦ π0 ◦ L(h)| < ǫ
′, h ∈ H, t ∈ [0, 1]. (4.3)
Here, πt : C([0, 1], Q)→ Q is the point evaluation at t ∈ [0, 1].
Proof. This is a direct application of the stable uniqueness theorem (Corollary 2.6) of [11],
restated as Lemma 4.1 above. Let F ⊂ A be a finite subset and let ǫ > 0 be given. We may
assume that 1A ∈ F and every element of F has norm at most one. Write F1 = {ab : a, b ∈ F}.
Note that F ⊆ F1.
Let δ, G, P, and n be as assured by Lemma 4.1 for F1 and ǫ/4. We may also assume that
F ⊂ G and δ ≤ ǫ/4.
Since Q ∼= Q⊗Q, we may assume, without loss of generality, that ϕ(a), ψ(a) ∈ Q⊗ 1. Pick
mutually equivalent projections e0, e1, e2, ..., en ∈ Q satisfying
∑n
i=0 ei = 1Q. Then, consider the
maps ϕi, ψi : A→ Q⊗ eiQei, i = 0, 1, ..., n, which are defined by
ϕi(a) = ϕ(a) ⊗ ei and ψi(a) = ψ(a)⊗ ei, a ∈ A,
and consider the maps
Φn+1 := ϕ = ϕ0 ⊕ ϕ1 ⊕ · · · ⊕ ϕn, Φ0 := ψ = ψ0 ⊕ ψ1 ⊕ · · · ⊕ ψn
and
Φi := ϕ0 ⊕ · · · ⊕ ϕi−1 ⊕ ψi ⊕ · · · ⊕ ψn, i = 1, 2, ..., n.
Since ei is unitarily equivalent to e0 for all i, one has
[ϕi]|P = [ψj ]|P , 0 ≤ i, j ≤ n.
and in particular,
[ϕi]|P = [ψi]|P , i = 0, 1, .., n. (4.4)
Note that, for each i = 0, 1, ..., n,
Φi ∼ ψi ⊕ (ϕ0 ⊕ ϕ1 ⊕ · · · ⊕ ϕi−1 ⊕ ψi+1 ⊕ ψi+2 ⊕ · · · ⊕ ψn),
Φi+1 ∼ ϕi ⊕ (ϕ0 ⊕ ϕ1 ⊕ · · · ⊕ ϕi−1 ⊕ ψi+1 ⊕ ψi+2 ⊕ · · · ⊕ ψn),
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where ∼ denotes the relation of unitary equivalence. In view of this, and (4.4), applying Lemma
4.1 we obtain unitaries ui ∈ Q, i = 0, 1, ..., n, such that
‖Φ˜i+1(a)− Φ˜i(a)‖ < ǫ/4, a ∈ F1, (4.5)
where
Φ˜0 := Φ0 = ψ and Φ˜i+1 := Adui ◦ · · · ◦ Ad u1 ◦Ad u0 ◦ Φi+1, i = 0, 1, ..., n.
Put ti = i/(n + 1), i = 0, 1, ..., n + 1, and define L : A→ C([0, 1], Q) by
πt ◦ L = (n+ 1)(ti+1 − t)Φ˜i + (n+ 1)(t− ti)Φ˜i+1, t ∈ [ti, ti+1], i = 0, 1, ..., n.
By construction,
π0 ◦ L = Φ˜0 = ψ and π1 ◦ L = Φ˜n+1 = Adun ◦ · · · ◦ Ad u1 ◦Ad u0 ◦ ϕ. (4.6)
Since Φ˜i, i = 0, 1, ..., n, are G-δ-multiplicative (in particular F-ǫ/4-multiplicative), it follows
from (4.5) that L is F-ǫ-multiplicative. By (4.6), L satisfies (4.1) with u = un · · · u1u0.
Moreover, if there is a finite set H such that (4.2) holds, it is then also straightforward to
verify that L satisfies (4.3), as desired.
Lemma 4.3. Let A be a unital simple separable amenable C*-algebra with T(A) = Tqd(A) which
satisfies the UCT. Assume that A⊗Q ∼= A.
For any σ > 0, ǫ > 0, and any finite subset F of A, there exist a finite set of projections P
in A and δ > 0 with the following property.
Denote by G ⊆ K0(A) the subgroup generated by P ∪ {1A}. Let κ : G→ K0(C) be a positive
homomorphism with κ([1A]) = [1C ], where C = C([0, 1], Q), and let λ : T(C) → T(A) be a
continuous affine map such that
|τ(κ([p]) − λ(τ)(p)| < δ, p ∈ P, τ ∈ T(C). (4.7)
(In particular, this entails that T(A) 6= Ø.) Then there is a unital F-ǫ-multiplicative completely
positive map L : A→ C such that
|τ ◦ L(a)− λ(τ)(a)| < σ, a ∈ F , τ ∈ T(C). (4.8)
Proof. Let ǫ, σ and F be given. We may assume that every element of F has norm at most one.
Let δ1 (in place of δ), G, and P be as assured by Lemma 4.2 for F and ǫ. We may assume
that F ∪ P ⊂ G.
Adjoining 1A to P, write P = {1A, p1, p2, ..., ps}. Deleting one or more of p1, p2, ..., ps (but
not 1A), we may assume that the set {[1A], [p1], ..., [ps]} is Q-linearly independent.
Let δ2 > 0 (in place of δ) be as assured by Lemma 3.1 for ǫ1 = δ1, ǫ2 = σ/4, G, and
{p1, p2, ..., ps}.
Put δ = min{δ1, δ2/8, 1/4}, and let us show that P and δ are as desired.
Let κ and λ be given satisfying (4.7).
Let λ∗ : Aff(T(A))→ Aff(T(C)) be defined by λ∗(f)(τ) = f(λ(τ)) for all f ∈ Aff(T(A)) and
τ ∈ T(C). Identify ∂e(T(C)) with [0, 1], and put η = min{δ, σ/12}. Choose a partition
0 = t0 < t1 < t2 < · · · < tn−1 < tn = 1
of the interval [0, 1] such that
|λ∗(gˆ)(tj)− λ∗(gˆ)(tj−1)| < η, g ∈ G, j = 1, 2, ..., n. (4.9)
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Since T(A) = Tqd(A), there are unital G-δ-multiplicative completely positive maps Ψj : A→
Q, j = 0, 1, 2, ..., n, such that
|tr ◦Ψj(g)− λ∗(gˆ)(tj)| < η, g ∈ G. (4.10)
It then follows from (2.1), (4.10), and (4.7) that, for each i = 1, 2, ..., s and each j = 1, 2, ..., n,
|tr([Ψj(pi)])− tr([Ψ0(pi)])| < 4δ + 2η + |λ∗(pˆi)(tj)− λ∗(pˆi)(t0)|
< 4δ + 2η + 2δ + |tr ◦ πtj (κ([pi]))− tr ◦ π0(κ([pi])|
= 2η + 6δ ≤ 8δ ≤ δ2. (4.11)
(Here, as before, πt is the point evaluation at t ∈ [0, 1].) We also have, by (4.9) and (4.10), that
|tr(Ψj(g)) − tr(Ψj+1(g))| < 3η, g ∈ G, j = 1, 2, ..., n. (4.12)
Consider the differences
ri,j := tr([Ψj(pi)])− tr([Ψ0(pi)]), i = 1, 2, ..., s, j = 1, 2, ..., n. (4.13)
By (4.11), ri,j < δ2. Applying Lemma 3.1 we obtain a projection e ∈ Q with tr(e) < σ/4 and
G-δ1-multiplicative unital completely positive maps ψ0, ψj : A→ eQe, j = 1, 2, ..., n, such that
[ψ0(pi)]− [ψj(pi)] = ri,j , i = 1, 2, ..., s, j = 1, 2, ..., n. (4.14)
Consider the direct sum maps
Φ′j := ψj ⊕Ψj : A→ (1⊕ e)M2(Q)(1⊕ e), j = 0, 1, 2, ..., n.
Since δ ≤ δ1, these are G-δ1-multiplicative. By (4.13) and (4.14),
[Φ′j(pi)] = [Φ
′
0(pi)], i = 1, 2, ..., s, j = 1, 2, ..., n. (4.15)
Define s : Q→ Q by s(x) = x/(1 + tr(e)), x ∈ Q. Choose a (unital) isomorphism
S : (1⊕ e)M2(Q)(1⊕ e)→ Q
such that S∗0 = s.
Consider the composed maps, still G-δ1-multiplicative, and now unital,
Φj := S ◦Φ
′
j : A→ Q, j = 0, 1, 2, ..., n.
By (4.15),
[Φj]|P = [Φj−1]|P , j = 1, 2, ..., n,
and by (4.12) and the fact that tr(e) < σ/4,
|tr ◦ Φj(a)− tr ◦ Φj−1(a)| < 3η + σ/4 ≤ σ/2, a ∈ F , j = 1, 2, ..., n. (4.16)
It follows by Lemma 4.2, applied successively for j = 1, 2, ..., n (to the pairs (Φ0,Φ1), (Adu1◦
Φ1,Adu1 ◦ Φ2), ..., (Adun−1 ◦ · · · ◦ Adu1 ◦ Φn−1,Adun−1 ◦ · · · ◦ Adu1 ◦ Φn)), that there are,
for each j, a unitary uj ∈ Q and a unital F-ǫ-multiplicative completely positive map Lj : A →
C([tj−1, tj ], Q) such that
π0 ◦ L1 = Φ0, πt1 ◦ L1 = Adu1 ◦Φ1, (4.17)
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and
πtj−1 ◦ Lj = πtj−1 ◦ Lj−1, πtj ◦ Lj = Aduj ◦ · · · ◦Adu1 ◦Φj , j = 2, 3, ..., n. (4.18)
Furthermore, in view of (4.16), we may choose the maps Lj such that
|tr ◦ πt ◦ Lj(a)− λ(tr ◦ πt)(a)| < σ, t ∈ [tj−1, tj ], a ∈ F , j = 1, 2, ..., n. (4.19)
Define L : A→ C([0, 1], Q) by
πt ◦ L = πt ◦ Lj, t ∈ [tj−1, tj ], j = 1, 2, ..., n.
Since Lj , j = 1, 2, ..., n, are F-ǫ-multiplicative (use (4.17) and (4.18)), we have that L is a unital
F-ǫ-multiplicative completely positive map A→ C([0, 1], Q). (Note that the construction of the
map L is different from—is based on—the construction of the map L in the proof of Lemma
4.2.) It follows from (4.19) that L satisfies (4.8), as desired.
Theorem 4.4. Let A be a unital simple separable C*-algebra with finite nuclear dimension.
Assume that T(A) = Tqd(A) 6= Ø and that A satisfies the UCT. Then gTR(A⊗Q) ≤ 1, and so,
(if A is not elementary), A ∈ N1.
Proof. Since A is simple, the assumption T(A) = Tqd(A) 6= Ø immediately implies that A is
both stably finite and quasidiagonal. We may assume that A ⊗Q ∼= A. With this assumption,
by [27], A has stable rank one.
By [9] (see also Corollary 13.47 of [14]), together with the assumption A ∼= A ⊗ Q, there
is a unital simple C*-algebra C = limn→∞(Cn, ın), where each Cn is the tensor product of a
C*-algebra in C0 with Q and ın is injective, such that
(K0(A),K0(A)+, [1A]0,T(A), rA) ∼= (K0(C),K0(C)+, [1C ]0,T(C), rC).
Choose an isomorphism Γ as above, and write ΓAff for the corresponding map from Aff(T(A))
to Aff(T(C)).
Let a finite subset F of A and ǫ > 0 be given.
Let the finite set P of projections in A, the finite subset G of A, and δ > 0 be as assured by
Lemma 4.2 for F and ǫ. We may assume that 1A ∈ P. Write P = {1A, p1, p2, ..., ps}. Deleting
some elements (but not 1A), we may assume that the set
{[1A], [p1], [p2], ..., [ps]} ⊂ K0(A)
is Q-linearly independent.
We may also assume, without loss of generality, that F ∪ P ⊂ G, δ ≤ ǫ, and every element
of G has norm at most one.
Let σ > 0. Let δ1 > 0 (in place of δ) be as assured by Lemma 3.3 for G, δ (in place of ǫ1),
and σ/64 (in place of ǫ2). We may assume that δ1 ≤ 8δ.
Let δ3 > 0 (in place of δ) be as assured by Lemma 3.4 for G, δ1/8 (in place of ǫ1) and
min{δ1/32, σ/256} (in place of ǫ2).
Let P1 (in place of P) and δ2 > 0 (in place of δ) be as assured by Lemma 4.3 for δ1/8 (in
place of ǫ), min{δ1/32, σ/256} (in place of σ), and G (in place of F). Replacing P and P1 by
their union, we may assume that P = P1.
By Lemma 2.7 of [11], there is a unital positive linear map
γ : Aff(T(A))→ Aff(T(Cn1))
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for some n1 ≥ 1 such that
‖(ın1,∞)Aff ◦ γ(fˆ)− ΓAff(fˆ)‖ < min{77σ/128, δ2 , δ3/2}, f ∈ F ∪ P. (4.20)
We may assume, without loss of generality, that there are projections p′1, p
′
2, ..., p
′
s ∈ Cn1
such that Γ([pi]) = ın1,∞([p
′
i]), i = 1, 2, ..., s. To simplify notation, assume that n1 = 1. Let G0
denote the subgroup of K0(A) generated by P. Since G0 is free abelian, there is a homomorphism
Γ′ : G0 → K0(C1) such that
(ı1,∞)∗0 ◦ Γ
′ = Γ|G0 .
We may assume (since P is a basis for G0) that
Γ′([pi]) = [p
′
i], i = 1, 2, ..., s. (4.21)
Since the pair (ΓAff ,Γ|K0(A)) is compatible, as a consequence of (4.20) and (4.21) we have
‖p̂′i − γ(p̂i)‖∞ < min{δ2, δ3/2}, i = 1, 2, ...., s. (4.22)
Write
C1 = (ψ0, ψ1, Q
r, Ql) = {(f, a) ∈ C([0, 1], Qr)⊕Ql : f(0) = ψ0(a) and f(1) = ψ1(a)},
where ψ0, ψ1 : Q
l → Qr are unital homomorphisms.
Denote by
πe : C1 → Q
l, (f, a) 7→ a
the canonical quotient map, and by j : C1 → C([0, 1], Q
r) the canonical map
j((f, a)) = f, (f, a) ∈ C1 ⊗Q.
Denote by γ∗ : T(C1) → T(A) the continuous affine map dual to γ. Denote by θ1, θ2, ..., θl the
extreme tracial states of C1 factoring through πe : C1 → Q
l.
By the assumption T(A) = Tqd(A), there exists a unital G-min{δ1/8, δ3/8}-multiplicative
completely positive map Φ : A→ Ql such that
|trj ◦Φ(a)− γ
∗(θj)(a)| < min{13δ1/32, δ3/4, σ/32}, a ∈ G, j = 1, 2, ..., l, (4.23)
where trj is the tracial state supported on the jth direct summand of Q
l. Moreover, since P ⊂ G,
as in (2.1), we also have that
|trj([Φ(pi)])− trj(Φ(pi))| < δ3/4, i = 1, 2, ..., s, j = 1, 2, ..., l. (4.24)
Set
D := (πe)∗0(K0(C1)) = ker((ψ0)∗0 − (ψ1)∗0) ⊆ Q
l.
It follows from (4.23) that
|τ(Φ(a))− (πe)Aff(γ(aˆ))(τ)| < min{13δ1/32, δ3/4, σ/32}, a ∈ G, τ ∈ T(Q
l), (4.25)
where (πe)Aff : Aff(T(C1)) → Aff(T(Q
l)) is the map induced by πe. By (4.25) for a ∈ P ⊂ G,
together with (4.24) and (4.22),
|τ([Φ(pi)])− τ ◦ (πe)∗0 ◦ Γ
′([pi])| < δ3, τ ∈ T(Q
l), i = 1, 2, ..., s.
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Therefore, applying Lemma 3.4, with ri = [Φ(pi)] − (πe)∗0 ◦ Γ
′([pi]), we obtain G-δ1/8-
multiplicative completely positive maps Σ1, µ1 : A → Q
l, with Σ1(1A) = µ1(1A) a projection,
such that
τ(Σ1(1A)) < min{δ1/32, σ/256}, τ ∈ T(Q
l), (4.26)
[Σ1(P)] ⊆ D, and (4.27)
[Σ1(pi)]− [µ1(pi)] = [Φ(pi)]− (πe)∗0 ◦ Γ
′([pi]), i = 1, 2, ..., s. (4.28)
Consider the (unital) direct sum map
Φ′ := Φ⊕ µ1 : A→ (1⊕ Σ1(1A))M2(Q
l)(1 ⊕ Σ1(1A)). (4.29)
Note that Φ′, like µ1 and Φ, is G-δ1/8-multiplicative. It follows from (4.28) that for each
i = 1, 2, ..., s,
[ψ0(Φ
′(pi))] = (ψ0)∗0([µ1(pi)] + [Φ(pi)]) = (ψ0)∗0([Σ1(pi)] + (πe)∗0 ◦ Γ
′([pi])) (4.30)
and
[ψ1(Φ
′(pi))] = (ψ1)∗0([µ1(pi)] + [Φ(pi)]) = (ψ1)∗0([Σ1(pi)] + (πe)∗0 ◦ Γ
′([pi])). (4.31)
It follows from (4.30) and (4.31), in view of (4.27) and the fact (use (4.21)) that (πe)∗0◦Γ
′([pi])) ∈
(πe)∗0(K0(C1)) = D, that [Φ
′(pi)] ∈ D, i = 1, 2, ..., s, i.e.,
[ψ0(Φ
′(pi))] = [ψ1(Φ
′(pi))], i = 1, 2, ..., s. (4.32)
Set B = C([0, 1], Qr), and (as before) write πt : B → Q
r for the point evaluation at t ∈ [0, 1].
Since 1A ∈ P, by (4.27), [Σ1(1A)] ∈ D, and so there is a projection e0 ∈ B such that π0(e0) =
ψ0(Σ1(1A)) and π1(e0) = ψ1(Σ1(1A)). It then follows from (4.26) (applied just for τ factoring
through ψ0—alternatively, for τ factoring through ψ1) that
τ(e0) < min{δ1/32, σ/256}, τ ∈ T(B). (4.33)
Let j∗ : T(B) → T(C1) denote the continuous affine map dual to the canonical unital map
j : C1 → B. Let γ1 : T(B) → T(A) be defined by γ1 := γ
∗ ◦ j∗, and let κ : G0 → K0(B) be
defined by κ := j∗0 ◦ Γ
′. Then, by (4.21) and (4.22),
|τ(κ([pi])− γ1(τ)(pi)| = |τ(j∗0(Γ
′([pi]))− (γ
∗ ◦ j∗)(τ)(pi)|
= |j∗(τ)([p′i])− γ(p̂i)(j
∗(τ))| < δ2 (4.34)
for all τ ∈ T(B), i = 1, 2, ..., k.
The estimate (4.34) ensures that we can apply Lemma 4.3 with κ and γ1 (note that Γ
′([1A]) =
[1C1 ] and hence κ([1A]) = [1B ]), to obtain a unital G-δ1/8-multiplicative completely positive map
Ψ′ : A→ B such that
|τ ◦Ψ′(a)− γ1(τ)(a)| < min{δ1/32, σ/256}, a ∈ G, τ ∈ T(B). (4.35)
Amplifying Ψ′ slightly (by first identifying Qr with Qr ⊗ Q and then considering H0(f)(t) =
f(t)⊗ (1+e0(t)) for t ∈ [0, 1]), we obtain a unital G-δ1/8-multiplicative completely positive map
Ψ : A→ (1⊕ e0)M2(B)(1⊕ e0) such that (by (4.35) and (4.33))
|τ ◦Ψ(a)− γ1(τ)(a)| < 2min{δ1/32, σ/256} = min{δ1/16, σ/128}. (4.36)
15
Note that for any element a ∈ C1,
τ(ψ0(πe(a))) = τ(π0(j(a))) and τ(ψ1(πe(a))) = τ(π1(j(a))), τ ∈ T(Q
r). (4.37)
(Recall that j : C1 → B is the canonical map.) Therefore (by (4.37)), for any a ∈ G and
τ ∈ T(Qr),
|τ(ψ0(Φ(a)))− γ(aˆ)(τ ◦ π0 ◦ j)| = |τ(ψ0(Φ(a)))− γ(aˆ)(τ ◦ ψ0 ◦ πe)|
= |τ ◦ ψ0(Φ(a))) − (πe)Aff(γ(aˆ))(τ ◦ ψ0)|
< min{13δ1/32, σ/32} (by (4.25)). (4.38)
The same argument shows that
|τ(ψ1(Φ(a))) − γ(aˆ)(τ ◦ π1 ◦ j)| < min{13δ1/32, σ/32}, a ∈ G, τ ∈ T(Q
r). (4.39)
Then, for any τ ∈ T(Qr) and any a ∈ G, we have
|τ ◦ ψ0 ◦Φ
′(a)− τ ◦ π0 ◦Ψ(a)|
= |τ ◦ ψ0(Φ(a)⊕ µ1(a))− τ ◦ π0 ◦Ψ(a)|
< |τ ◦ ψ0(Φ(a)⊕ µ1(a))− γ1(τ ◦ π0)(a)|+min{δ1/16, σ/128} (by (4.36))
< |τ ◦ ψ0(Φ(a)) − γ1(τ ◦ π0)(a)|+min{3δ1/32, 3σ/256} (by (4.26))
= |τ ◦ ψ0(Φ(a)) − γ(aˆ)(τ ◦ π0 ◦ j)|+min{3δ1/32, 3σ/256}
< min{13δ1/32, σ/32} +min{3δ1/32, 3σ/256} (4.40)
≤ 13δ1/32 + 3δ1/32 = δ1/2 (by (4.38)).
The same argument, using (4.39) instead of (4.38), shows that
|τ ◦ ψ1 ◦ Φ
′(a)− τ ◦ π1 ◦Ψ(a)| < min{13δ1/32, σ/32} +min{3δ1/32, 3σ/256} (4.41)
≤ δ1/2, τ ∈ T(Q
r), a ∈ G.
((4.40) and (4.41)—the σ estimates—will be used later to verify (4.49) and (4.50).)
Noting that Ψ and Φ′ are δ1/8-multiplicative on {1A, p1, p2, ..., ps}, by our convention (see
(2.1)), we have, for all τ ∈ T(Qr),
|τ([Ψ(pi)])− τ(Ψ(pi))| < δ1/4 and |τ([Φ
′(pi)])− τ(Φ
′(pi))| < δ1/4, i = 1, 2, ..., s.
Combining these inequalities with (4.40) and (4.41), we have
|τ([π0 ◦Ψ(pi)])− τ([ψ0 ◦Φ
′(pi)])| < δ1, i = 1, 2, ..., s, τ ∈ T(Q
r). (4.42)
Therefore (in view of (4.42)), applying Lemma 3.3 with ri = [π0 ◦ Ψ(pi)] − [ψ0 ◦ Φ
′(pi)], we
obtain G-δ-multiplicative completely positive maps Σ2 : A → Q
l and µ2 : A → Q
r, taking 1A
into projections, such that
[ψk ◦Σ2(1A)] = [µ2(1A)], k = 0, 1, (4.43)
[Σ2(P)] ⊆ (πe)∗0(K0(C1)) = D, i = 1, 2, ..., s, (4.44)
τ(Σ2(1A)) < σ/64, τ ∈ T(Q
l), (4.45)
and, taking into account (4.44),
[ψ0 ◦ Σ2(pi)]− [µ2(pi)] = [ψ1 ◦Σ2(pi)]− [µ2(pi)] = [π0 ◦Ψ(pi)]− [ψ0 ◦ Φ
′(pi)], (4.46)
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where i = 1, 2, ..., s.
Consider the four G-δ-multiplicative direct sum maps (note that Φ′ and Ψ are G-δ1/8-
multiplicative, and δ1 ≤ 8δ), from A to M3(Q
r),
Φ0 := (ψ0 ◦Φ
′)⊕ (ψ0 ◦ Σ2), Φ1 = (ψ1 ◦ Φ
′)⊕ (ψ1 ◦ Σ2) and
Ψ0 := (π0 ◦Ψ)⊕ µ2, Ψ1 := (π1 ◦Ψ)⊕ µ2. (4.47)
We then have that for each i = 1, 2, ..., s,
[Ψ0(pi)]− [Φ0(pi)] = ([(π0 ◦Ψ)(pi)] + [µ2(pi)])− ([(ψ0 ◦ Φ
′)(pi)] + [(ψ0 ◦ Σ2)(pi)])
= ([(π0 ◦Ψ)(pi)]− [(ψ0 ◦Φ
′)(pi)])− ([(ψ0 ◦ Σ2)(pi)]− [µ2(pi)])
= 0 (by (4.46)),
and
[Ψ1(pi)]− [Φ1(pi)]
= ([(π1 ◦Ψ)(pi)] + [µ2(pi)])− ([(ψ1 ◦ Φ
′)(pi)] + [(ψ1 ◦ Σ2)(pi)])
= ([(π1 ◦Ψ)(pi)]− [(ψ1 ◦Φ
′)(pi)])− ([(ψ1 ◦ Σ2)(pi)]− [µ2(pi)])
= ([(π0 ◦Ψ)(pi)]− [(ψ1 ◦Φ
′)(pi)])− ([(ψ1 ◦ Σ2)(pi)]− [µ2(pi)]) (π0 and π1 are homotopic)
= ([(π0 ◦Ψ)(pi)]− [(ψ0 ◦Φ
′)(pi)])− ([(ψ1 ◦ Σ2)(pi)]− [µ2(pi)]) = 0 (by (4.32))
= 0 (by (4.46)).
Note also that, by construction,
Ψi(1A) = Φi(1A) = 1⊕ πi(e0), i = 0, 1.
Summarizing the calculations in the preceding paragraph, we have
[Φi]|P = [Ψi]|P , i = 0, 1. (4.48)
On the other hand, for any a ∈ F ⊆ G and any τ ∈ T(Qr), we have
|τ(Φ0(a))− τ(Ψ0(a))| = |τ((ψ0 ◦Φ
′)(a) ⊕ (ψ0 ◦Σ2)(a)) − τ((π0 ◦Ψ)(a)⊕ µ2(a))|
< |τ((ψ0 ◦Φ
′)(a)) − τ((π0 ◦Ψ)(a))|+ σ/32 (by (4.45))
< min{13δ1/16, σ/32} +min{3δ1/16, 3σ/256} + σ/32 (by (4.40))
≤ 5σ/64. (4.49)
The same argument, using (4.41) instead of (4.40), also shows that
|τ(Φ1(a)) − τ(Ψ1(a))| < 5σ/64, a ∈ F , τ ∈ T(Q
r). (4.50)
Since 1A ∈ P, by (4.44), [Σ2(1A)] ∈ D, and so there is a projection e1 ∈ B such that
π0(e1) = ψ0(Σ2(1A)) and π1(e1) = ψ1(Σ2(1A)). It then follows from (4.45) (applied just for τ
factoring through ψ0—alternatively, for τ factoring through ψ1) that
τ(e1) < σ/64, τ ∈ T(B). (4.51)
Set E′0 = 1 ⊕ π0(e0) ⊕ π0(e1), E
′
1 = 1 ⊕ π1(e0) ⊕ π1(e1), and D0 = E
′
0M2(Q
r)E′0, D1 =
E′1M2(Q
r)E′1.
Pick a sufficiently small r′ ∈ (0, 1/4) that
‖Ψ(a)((1 + 2r′)t− r′)−Ψ(a)(t)‖ < σ/64, a ∈ G, t ∈ [
r′
1 + 2r′
,
1 + r′
1 + 2r′
]. (4.52)
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It follows from Lemma 4.2 (in view of (4.48), (4.49) and (4.50)) that there exist unitaries u0 ∈
D0 and u1 ∈ D1, and unital F-ǫ-multiplicative completely positive maps L0 : A→ C([−r
′, 0],D0)
and L1 : A→ C([1, 1 + r
′],D1), such that
π−r′ ◦ L0 = Φ0, π0 ◦ L0 = Adu0 ◦Ψ0, (4.53)
π1+r′ ◦ L1 = Φ1, π1 ◦ L1 = Adu1 ◦Ψ1, (4.54)
|τ ◦ πt ◦ L0(a)− τ ◦ π0 ◦ L0(a)| < 5σ/32, t ∈ [−r
′, 0], (4.55)
|τ ◦ πt ◦ L1(a)− τ ◦ π1 ◦ L1(a)| < 5σ/32, t ∈ [1, 1 + r
′], (4.56)
where a ∈ F , τ ∈ T(Qr), and (as before) πt is the point evaluation at t ∈ [−r
′, 1 + r′].
Write E3 = 1⊕ e0⊕ e1 ∈ M3(C([0, 1], Q
r)) and B1 = E3(M3(C([0, 1], Q
r)))E3. There exists a
unitary u ∈ B1 such that u(0) = u0 and u(1) = u1. Consider the projection E4 ∈ M3(C([−r
′, 1+
r′], Qr)) defined by E4|[−r,0] = E
′
0, E4|[0,1] = E3 and E4|[1,1+r] = E
′
1. Set
B2 = E4(M3(C([−r
′, 1 + r′], Qr)))E4.
Define a unital F-ǫ-multiplicative (note that F ⊂ G and δ ≤ ǫ) completely positive map L′ :
A→ B2 by
L′(a)(t) =


L0(a)(t), t ∈ [−r
′, 0),
Adu(t) ◦ (πt ◦Ψ⊕ µ2)(a), t ∈ [0, 1],
L1(a)(t) t ∈ (1, 1 + r
′].
(4.57)
Note that for any a ∈ G, and any τ ∈ T(Qr), by (4.57), if t ∈ [0, 1], then
|τ(πt(L
′(a)))− γ1(π
∗
t (τ))(a)|
= |τ(Adu(t) ◦ (πt◦Ψ⊕ µ2)(a)) − γ1(π
∗
t (τ))(a)|
= |τ(πt(Ψ(a))) + τ(µ2(a)) − γ1(π
∗
t (τ))(a)|
< |(π∗t (τ))(Ψ(a))) − γ1(π
∗
t (τ))(a)| + σ/64 (by (4.43) and (4.45))
< min{δ1/16, σ/128} + σ/64 ≤ 3σ/128 (by (4.36)), (4.58)
where π∗t : T(Q
r)→ T(B) is the dual of πt : B → Q
r. Furthermore, if t ∈ [−r′, 0], then for any
a ∈ F , and any τ ∈ T(Qr),
|τ(πt(L
′(a)))− γ1(π
∗
0(τ))(a)|
= |τ(L0(a)(t)) − γ1(π
∗
0(τ))(a)|
< |τ(L0(a)(0)) − γ1(π
∗
0(τ))(a)| + 5σ/32 (by (4.55))
= |τ(Ψ0(a))− γ1(π
∗
0(τ))(a)| + 5σ/32 (by (4.53))
= |τ((π0 ◦Ψ)(a)⊕ µ2(a)) − γ1(π
∗
0(τ))(a)| + 5σ/32
< |τ((π0 ◦Ψ)(a)− γ1(π
∗
0(τ))(a)| + σ/64 + 5σ/32 (by (4.43) and (4.45))
< min{δ1/16, σ/128} + σ/64 + 5σ/32 < 23σ/128 (by (4.36)). (4.59)
Again, if t ∈ [1, 1 + r′], then the same argument shows that for any a ∈ F , and any τ ∈ T(Qr),
|τ(πt(L
′(a))) − γ1(π
∗
1(τ))(a)| < 23σ/128. (4.60)
Let us modify L′ to a unital map from A to B. First, let us renormalize L′. Consider the
isomorphism η : Qr → Qr defined by
η(x1, x2, ..., xr) = (
1
tr1(E3)
x1,
1
tr2(E3)
x2, ...,
1
trr(E3)
xr),
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for all (x1, x2, ..., xr) ∈ Q
r, where (as before) trk is the tracial state supported on the kth direct
summand of Qr. Then there is a (unital) isomorphism ϕ : B2 → C([−r
′, 1 + r′], Qr) such that
ϕ∗0 = η. Let us replace the map L
′ by the map ϕ ◦ L′, and still denote it by L′. Note that it
follows from (4.58), (4.33), and (4.51) that for any t ∈ [0, 1], any a ∈ F , and any τ ∈ T(Qr),
|τ(πt(L
′(a))) − γ1(π
∗
t (τ))(a)|
< σ/16 + τ(e0) + τ(e1)
< 3σ/128 + min{δ1/16, σ/64} + σ/64 ≤ 7σ/128. (4.61)
The same argument, using (4.59) and (4.60) instead of (4.58), shows that for any a ∈ F ,
|τ(πt(L
′(a))) − γ1(π
∗
0(τ))(a)| < 27σ/128, t ∈ [−r
′, 0], (4.62)
|τ(πt(L
′(a))) − γ1(π
∗
1(τ))(a)| < 27σ/128, t ∈ [1, 1 + r
′]. (4.63)
Now, put
L′′(a)(t) = L′(a)((1 + 2r′)t− r′), t ∈ [0, 1]. (4.64)
This perturbation will not change the trace very much, as for any a ∈ F and any τ ∈ T(Qr), if
t ∈ [0, r′/(1 + 2r′)], then
|τ(L′′(a)(t)) − τ(L′(a)(t))|
= |τ(L′(a)((1 + 2r′)t− r′))− τ(L′(a)(t))| (by (4.64))
= |τ(L0(a)((1 + 2r
′)t− r′))− (τ(Ψ(a)(t)) + µ2(a))|
< |τ(L0(a)((1 + 2r
′)t− r′))− τ(Ψ(a)(t))| + σ/64 (by (4.43)) and (4.45)
< |τ(L0(a)(0)) − τ(Ψ(a)(t))| + 5σ/32 + σ/64 (by (4.55))
= |τ(Ψ0(a)(0)) − τ(Ψ(a)(t))| + 11σ/64 (by (4.53))
< σ/64 + 11σ/64 = 3σ/16 (by (4.43)) and (4.45).
Furthermore, the same argument, now using (4.56) and (4.54), shows that for any a ∈ F ,
τ ∈ T(Qr), and t ∈ [(1 + r′)/(1 + 2r′), 1],
|τ(L0(a)((1 + 2r
′)t− r′))− (τ(Ψ(a)(t)) + µ2(a))| < 3σ/16,
and, if t ∈ [r′/(1 + 2r′), (1 + r′)/(1 + 2r′)], then
|τ(L′(a)((1 + 2r′)t− r′))− τ(L′(a)(t))| = |τ(Ψ(a)((1 + 2r′)t− r′)−Ψ(a)(t))|
< σ/64 (by (4.52)).
Thus,
|τ(L′′(a)(t)) − τ(L′(a)(t))| < 3σ/16, a ∈ F , τ ∈ T(Qr), t ∈ [0, 1]. (4.65)
Hence,
|τ(πt(L
′′(a))) − γ1(π
∗
t (τ))(a)|
≤ |τ(L′′(a)(t)) − τ(L′(a)(t))| + |τ(L′(a)(t))− γ1(π
∗
t (τ))(a)|
< 3σ/16 + 27σ/128 = 51σ/128 (by (4.65), (4.61), (4.62), and (4.63)). (4.66)
Note that L′′ is a unital map from A to B. It is also F-ǫ-multiplicative, since L′ is.
Consider the order isomorphism η′ : Ql → Ql defined by
η′(y1, y2, ..., yl) = (a1y1, a2y2, ..., alyl), (y1, y2, ..., yl) ∈ Q
l,
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where
aj =
1
trj(1⊕ Σ1(1A)⊕ Σ2(1A))
, j = 1, 2, ..., l, (4.67)
and (as before) trj is the tracial state supported on the jth direct summand of Q
l. There exists
a unital homomorphism ϕ˜ : (1⊕Σ1(1A)⊕Σ2(1A))M3(Q
l)(1⊕Σ1(1A)⊕Σ2(1A))→ Q
l such that
ϕ˜∗0 = η
′.
Therefore, by the constructions of L′′, L′, L0, and L1 ((4.64), (4.57), (4.53), and (4.54)), we may
assume that
ψ0 ◦ ϕ˜ ◦ (Φ
′ ⊕ Σ2) = π0 ◦ L
′′ and ψ1 ◦ ϕ˜ ◦ (Φ
′ ⊕ Σ2) = π1 ◦ L
′′, (4.68)
replacing L′′ by Adw ◦ L′′ for a suitable unitary w if necessary.
Define L : A → C1 by L(a) = (L
′′(a), ϕ˜(Φ′(a) ⊕ Σ2(a))), an element of C1 by (4.68). Since
L′′ and ϕ˜ ◦ (Φ′ ⊕ Σ2) are unital and F-ǫ-multiplicative (since Φ
′ and Σ2 are G-δ-multiplicative,
F ⊂ G, and δ ≤ ǫ), so also is L.
Moreover, for any a ∈ F , any τ ∈ T(Qr), and any t ∈ (0, 1), it follows from (4.66) that
|τ(πt(L(a))) − γ1(π
∗
t (τ))(a)| < 51σ/128. (4.69)
If τ ∈ T(Ql), then, for any a ∈ F ,
|τ(πe(L(a))) − γ
∗(π∗e (τ))(a)|
= |τ(ϕ˜(Φ′(a)⊕ Σ2(a)))− γ
∗(π∗e (τ))(a)|
< |τ(Φ′(a)⊕ Σ2(a))− γ
∗(π∗e (τ))(a)| + σ/32 (by (4.67), (4.33) and (4.45))
< |τ(Φ′(a))− γ∗(π∗e (τ))(a)| + 3σ/64 (by (4.45))
< |τ(Φ(a)) − γ∗(π∗e (τ))(a)| + σ/8 (by (4.26))
< σ/32 + σ/8 < 51σ/128 (by (4.25)).
Since each extreme trace of C1 factors through either the evaluation map πt or the canonical
quotient map πe, by (4.69),
|τ(L(a)) − γ∗(τ)(a)| < 51σ/128, τ ∈ T(C1), a ∈ F . (4.70)
Therefore, for any a ∈ F and τ ∈ T(C), we have
|τ(ı1,∞(L(a)))− ΓAff(aˆ)(τ)|
< |τ(ı1,∞(L(a)))− γ
∗(ı1,∞(τ))(a)| + |γ∗(ı1,∞(τ))(a) − ΓAff(aˆ)(τ)|
= |τ(ı1,∞(L(a)))− γ
∗(ı1,∞(τ))(a)| + |(ı1,∞)Aff(aˆ)(τ)− ΓAff(aˆ)(τ)|
< 51σ/128 + 77σ/128 = σ. (by (4.70) and (4.20))
Since F , ǫ, and σ are arbitrary, in this way we obtain a sequence of unital completely positive
maps Hn : A→ C such that
lim
n→∞
‖Hn(ab)−Hn(a)Hn(b)‖ = 0, a, b ∈ A,
and
lim
n→∞
sup{|τ ◦Hn(a)− ΓAff(a)(τ)| : τ ∈ T(C)} = 0, a ∈ A.
It follows from Lemma 3.4 of [22] (which used results obtained in [25] and [32]) that gTR(A⊗Q) ≤
1. Since A ∼= A⊗Q, A is Z-stable and therefore it is in N1.
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Theorem 1.1 follows from the following corollary.
Corollary 4.5. Let A be a unital simple separable C*-algebra with finite decomposition rank,
satisfying the UCT. Then gTR(A⊗Q) ≤ 1. In particular, A is classifiable.
Proof. Since A has finite decomposition rank, A is nuclear (see 2.10) and quasidiagonal (5.3 of
[19]). It follows from 2.4 of [30] that T(A) 6= Ø. By 8.5 of [3], T(A) = Tqd(A). Now the corollary
follows from Theorem 4.4 together with Theorem 2.7.
Remark 4.6. It was shown in [12] that any unital simple separable Jiang-Su stable approxi-
mately subhomogeneous C*-algebra has decomposition rank at most 2. Therefore, it follows from
Corollary 4.5 that such a C*-algebra is classifiable. This in particular recovers the classification
theorem of [10].
Remark 4.7. The special case of Corollary 4.5 for C*-algebras with unique trace follows from
the results of the earlier papers [24] and [23].
Theorem 4.4 and Corollary 4.5 can also be combined and stated as follows:
Theorem 4.8. Let A be a unital simple separable amenable (non-zero) C*-algebra which satisfies
the UCT. Then the following properties for A⊗Q are equivalent:
(1) gTR(A⊗Q) ≤ 1;
(2) A⊗Q has finite nuclear dimension and T(A⊗Q) = Tqd(A⊗Q) 6= Ø;
(3) the decomposition rank of A⊗Q is finite.
Given the fact that every tracial state of a unital simple separable C*-algebra with finite
decomposition rank is quasidiagonal (8.5 of [3]), it is reasonable to expect that every tracial state
of a finite unital simple separable C*-algebra with finite nuclear dimension is also quasidiagonal.
Indeed, shortly after the present paper was first announced (and posted on arXiv), Tikuisis,
White, and Winter proved that, in fact, every tracial state on a unital simple separable amenable
C*-algebra which satisfies the UCT is quasidiagonal ([29]). Therefore, we have the following
statement:
Theorem 4.9. Let A be a finite unital simple separable C*-algebra with finite nuclear dimension
which satisfies the UCT. Then gTR(A⊗Q) ≤ 1. In particular, A is classifiable.
Remark 4.10. It was established by Kirchberg and Phillips ([18] and [26]) that purely infinite
unital simple separable amenable C*-algebras which satisfy the UCT are classifiable. It has
been shown that these C*-algebras have finite nuclear dimension (see [24]). It is also known that
every unital simple separable C*-algebra with finite nuclear dimension is either finite or purely
infinite (see [13] and [31]). Therefore, Theorem 4.9 can now be combined with [18] and [26] to
obtain the following overall statement.
Corollary 4.11. The class of all unital simple separable (non-elementary) C*-algebras with
finite nuclear dimension which satisfy the UCT is classifiable by the Elliott invariant.
Remark 4.12. It remains open whether every separable amenable C*-algebra satisfies the UCT.
Bypassing the UCT, we would propose the following questions:
(i) Do Theorem 4.8 and Corollary 4.11 hold without assuming the UCT?
(ii) Let A be a stably finite unital simple separable amenable C*-algebra. Is it true that
gTR(A⊗Q) ≤ 1?
Questions (i) and (ii) are perhaps quite ambitious at the moment. A more realistic question
might be the following:
(iii) Let A be a stably finite unital simple separable amenable C*-algebra. Is it true that
if A is quasidiagonal then gTR(A ⊗ Q) ≤ 1? (Note that the converse holds (see 9.8 and 9.9 of
[14]).)
21
References
[1] B. Blackadar and E. Kirchberg, Generalized inductive limits of finite-dimensional C*-
algebras, Math. Ann. 307 (1997), 343-380.
[2] B. Blackadar and E. Kirchberg, Inner quasidiagonality and strong NF algebras, Pacific J.
Math. 198 (2001), 307–329.
[3] J. Bosa, N. P. Brown, Y. Sato, A. Tikuisis, S. White, and W. Winter, Covering dimension
of C*-algebras and 2-colored classification, preprint, arXiv:1506.03974.
[4] N. P. Brown, Invariant means and finite representation theory of C∗-algebras, Mem. Amer.
Math. Soc. 184 (2006), no. 865, viii+105 pp.
[5] M.-D. Choi and E. G. Effros, Injectivity and operator spaces, J. Funct. Anal. 24 (1977),
156–209.
[6] A. Connes, On the cohomology of operator algebras, J. Funct. Anal. 28 (1978), 248–253.
[7] M. Da˘da˘rlat and S. Eilers. On the classification of nuclear C*-algebras, Proc. London
Math. Soc. (3) 85 (2002), 168–210.
[8] M. Da˘da˘rlat and T. Loring, A universal multicoefficient theorem for the Kasparov groups,
Duke Math. J. 84 (1996), 355–377.
[9] G. A. Elliott, An invariant for simple C*-algebras, Canadian Mathematical Society, 1945–
1995, Vol. 3, 61–90, Canad. Math. Soc., Ottawa, 1996.
[10] G. A. Elliott, G. Gong, H. Lin, and Z. Niu, The classification of simple separable unital
locally ASH algebras, preprint, arXiv:1506.02308.
[11] G. A. Elliott and Z. Niu, On the classification of simple amenable C*-algebras with finite
decomposition rank, in “Operator Algebras and their Applications: A Tribute to Richard
V. Kadison”, Contemporary Mathematics, Amer. Math. Soc., Providence, R. I., 2016, in
press. arXiv:1507.07876.
[12] G. A. Elliott, Z. Niu, L. Santiago, and A. Tikuisis, Decomposition rank of approximately
subhomogeneous C*-algebras, preprint, arXiv:1505.06100.
[13] G. Gong, X. Jiang, and H. Su, Obstructions to Z-stability for unital simple C*-algebras,
Canad. Math. Bull. 43 (2000), 418–426.
[14] G. Gong, H. Lin, and Z. Niu, Classification of finite simple amenable Z-stable C∗-algebras,
preprint, arXiv:1501.00135.
[15] G. A. Elliott and A. Toms, Regularity properties in the classification program for separable
amenable C*-algebras, Bull. Amer. Math. Soc. (N.S.) 45 (2008), 229–245.
[16] U. Haagerup, All nuclear C*-algebras are amenable, Invent. Math. 74 (1983), 305–319.
[17] X. Jiang and H. Su, On a simple unital projectionless C∗-algebra, Amer. J. Math. 121
(1999), 359–413.
[18] E. Kirchberg and N. C. Phillips, Embedding of exact C*-algebras in the Cuntz algebra O2,
J. Reine Angew. Math. 525 (2000), 17–53.
22
[19] E. Kirchberg and W. Winter, Covering dimension and quasidiagonality, Internat. J. Math.
15 (2004), 63–85.
[20] H. Lin, Classification of simple tracially AF C*-algebras, Canad. J. Math. 53 (2001), 161–
194.
[21] H. Lin, An approximate universal coefficient theorem, Trans. Amer. Math. Soc. 357 (2005),
3375–3405.
[22] H. Lin, Crossed products and minimal dynamical systems, preprint, arXiv:1502.06658.
[23] H. Lin and Z. Niu, Lifting KK-elements, asymptotic unitary equivalence and classification
of simple C*-algebras, Adv. Math. 219 (2008), 1729–1769.
[24] H. Matui and Y. Sato, Decomposition rank of UHF-absorbing C∗-algebras, Duke Math. J.
163 (2014), 2687–2708.
[25] L. Robert, Classification of inductive limits of 1-dimensional NCCW complexes, Adv. Math.
231 (2012), 2802–2836.
[26] N. C. Phillips, A classification theorem for nuclear purely infinite simple C*-algebras, Doc.
Math. 5 (2000), 49–114 (electronic).
[27] M. Rørdam, On the structure of simple C*-algebras tensored with a UHF-algebra. II, J.
Funct. Anal. 107 (1992), 255–269.
[28] J. Rosenberg and C. Schochet, The Ku¨nneth theorem and the universal coefficient theorem
for Kasparov’s generalized KK-functor, Duke Math. J. 55 (1987), 431–474.
[29] A Tikuisis, S. White, and W. Winter, Quasidiagonality of nuclear C*-algebras, preprint,
arXiv:1509.08318.
[30] D. Voiculescu, Around quasidiagonal operators, Integr. Equ. Oper. Theory 17 (1993), 137–
149.
[31] W. Winter, Nuclear dimension and Z-stability of pure C*-algebras, Invent. Math. 187
(2012), 259–342.
[32] W. Winter, Classifying crossed product C*-algebras, preprint, arXiv:1308.5084.
[33] W. Winter and J. Zacharias, The nuclear dimension of C*-algebras, Adv. Math. 224 (2010),
461–498.
Department of Mathematics, University of Toronto, Toronto, Ontario, Canada M5S 2E4
E-mail address: elliott@math.toronto.edu
Department of Mathematics, University of Puerto Rico, San Juan, PR 00936, USA
E-mail address: ghgong@gmail.com
Department of Mathematics, University of Oregon, Eugene, OR 97403, USA
E-mail address: hlin@uoregon.edu
Department of Mathematics, University of Wyoming, Laramie, WY 82071, USA
E-mail address: zniu@uwyo.edu
23
